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Effects of Boundary Conditions on the Stability of Cylinders
Subject to Lateral and Axial Pressures

L. H. SOBEL*
Lockheed Missiles and Space Company, Polo Alto, Calif.

This paper presents an analysis of critical combinations of uniform external lateral pressure
and central axial compressive force for circular cylindrical shells with arbitrarily prescribed
boundary conditions. Numerical results are presented for the special case of hydrostatic
pressure loading for eight different sets of boundary conditions. The numerical results show
that prevention of edge rotation of a generator has little effect on the critical pressure un-
less the cylinder is very short. On the other hand, it is shown that the presence of axial
restraint at the boundaries significantly increases critical pressures for intermediate-length
cylinders.
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Nomenclature

displacement constants [see Eqs. (3)]
mean radius of undeformed cylinder

Young's modulus
axial compressive force
thickness of cylinder
length of cylinder

p
pa
pcr

Nxi, Nxtf>i = incremental stress resultants due to buckling
(see Fig. 2)

= number of circumferential waves in buckle
pattern

= lateral pressure; positive inward

= critical lateral pressure
Ti = roots of Eqs. (6)
TXi = effective shear force at end of cylinder
Un(X\ Vn(x}}

Wn(x) = displacement functions [see Eqs. (2)]
Uij Vi = displacement constants [see Eqs. (4) and (5)]
u, v, w = nondimensional incremental axial, circumfer-

ential, and radial displacement components
of a point in the cylinder's middle surface;
corresponding distances represented by au,
av, and aw, respectively; w positive outward

x, (p = nondimensional axial and circumferential co-
ordinates of a point P on the undeformed
cylinder's middle surface; corresponding
axial distance represented by ax (see Fig. 2)

a = L/a
p = 12(1 - ^)72
7 = a/h
A = pa/Eh, nondimensional lateral pressure param-

eter
A a = pa/E, nondimensional axial pressure parameter
v = Poisson's ratio
w = 2X0/X(X 7+ 0), pressure ratio coefficient (co = 1

for hydrostatic pressure loading, and o> = 0
for lateral pressure loading)

V2( ) = ( ).** + ( ),w
x, <f> = as subscripts, after comma, refer to partial dif-

ferentiation of principal symbol with respect
to x or <f>.

Introduction

IT is generally acknowledged that von Mises1 has given a
satisfactory solution for the critical hydrostatic pressure

of a simply supported circular cylindrical shell. Such a

Received December 4, 1963; revision received April 29, 1964.
This work was partially carried out under the Lockheed Inde-
pendent Research Program. The author wishes to express his
sincere appreciation to B. O. Almroth, who has generously given
many constructive comments during the course of this work.

* Member of the Research Laboratories. Member AIAA.

settled state of affairs does not exist for the corresponding
problem of the clamped cylinder. Analyses of the clamped
cylinder have been made by Nash,2 Galletly and Bart,3 and
Palyi.4 A one-degree-of-freedom Rayleigh-Ritz approach
was used in Refs. 2 and 4, whereas in Ref. 3 a one-degree-of-
freedom Galerkin approach was used in conjunction with the
modified Donnell equation. The results of Refs. 2 and 3
give critical pressures that are considerably higher than those
for simply supported cylinders (see Fig. 1). However, it
seems unlikely that the effect of edge rotational restraint
would be significant for relatively long thin cylinders. Palyi,
in an attempt to improve Nash's results, used a radial deflec-
tion function w that has a sharp curvature at the ends of the
cylinder and which, in the middle, corresponds in shape to
that for a simply supported cylinder. His results fall be-
tween those of Nash and those of von Mises and are con-
siderably closer to the latter unless the shell is quite short
(see Fig. 1). The results obtained by Singer for a cylinder
with axial elastic springs but without rotational restraint5

indicate that axial restraint at the edges will significantly
increase the critical pressure. Now, the analyses of Refs.
2 and 3 are applicable to axially restrained clamped cylinders,
whereas the simply supported cylinder analyzed in Ref. 1
does not have axial restraint. Hence, it appears that the
presence of axial restraint in the clamped cylinder analyzed
in Refs. 2 and 3 might account, to a large extent, for the higher
critical pressures. In view of these investigations, it seems
desirable to perform an analysis in which all types of bound-
ary conditions can be considered. This is the aim of the
present paper. Such an analysis is easily effected by as-
suming, as was done in Refs. 1-4, that the cylinder configura-
tion at impending buckling can be approximated b}̂  a homo-
geneous membrane state of stress. Because of this simpli-
fication, the governing partial differential equations can be
reduced to ordinary linear differential equations with con-

Fig. 1 Critical hydrostatic pressures—-results of previous
investigators.
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Fig. 2 Coordinate system and shell element.

stant coefficients, and solutions can be obtained in a straight-
forward manner.

The present analysis is formulated for independent axial
and lateral loadings. For convenience, the terms "simply
supported77 and "clamped'7 are here used to designate cylin-
ders for which wjXX and wiX) respectively, vanish at both ends
of the cylinder. This designation, as used here, does not
imply the vanishing of any other prescribed quantity such as
u, v, Nxi, or Txi. Four sets of boundary conditions consisting
of combinations of incremental in-plane displacement com-
ponents (u, v) and incremental stress resultants (Nxi, Txi) are
considered for both simply supported and clamped cylinders.

Theoretical Analysis

The coupled Donnell equations for the three incremental
displacement components are6 (see Fig. 2)

X

(v,<p + w + vu,x) +

— - — —— - —2

(1 - ")
V,**

2

(! + ")

\awiXX = 0

vw,x = 0 (1)

By expanding the incremental displacement components
into a Fourier series in the circumferential coordinate <pt we
satisfy the requirement of periodicity in <p and separate
the space variables x, <p in Eqs. (1).

When we let

i cos(n<p)

cos(n^)

v(x,

(2)

J

each expression of Eqs. (1) generates an infinite set of linear
homogeneous ordinary differential equations for the Fourier

functions Un(x), Vn(x), and Wn(x). Fortunately, the vari-
ous harmonics uncouple for each of Eqs. (1), so that we need
consider only the general harmonic n and thereby obtain a
particular solution of Eqs. (1) :

wn(x, <p) =

un(x,

vn(x,

where

i cosh[(r;)1/2:r]

UiBi cosh[(r4-)1/2o:]}

ViBi siDh[(n)v*x]}

(3)

ri - n2)2

n[(2 '" J ? - 1 4"i — / o \ 0 ^ -1; • • • ; ^(r»- — n2)2

and rt-(i = 1, . . . , 4) are the roots of the equations
(r - n2)4 + [-n2/32X + r/3W2)X] X

(r - n2)2 + /3V2 - 0

whenever

(r - n2)4 + rp*\a(r - n2)2 + /3V2 = 0

(4)

(5)

(6)

P = 0 J
The specification for four linear, homogeneous boundary

conditions at each end of the cylinder and utilization of Eqs.
(3) result in a system of eight linear, homogeneous algebraic
equations for the eight arbitrary constants Ai and Bi(i =
1, . . . , 4). The possible buckled shell configurations are
given by the nontrivial solutions to this system. For fixed
values of the geometric parameters a and /3, the pressure
ratio coefficient co, and the number of circumferential waves
n, the coefficients in this system depend on the load parameter
X (or X0). However, nontrivial solutions can exist only
for certain discrete values of X, namely, those values of X
which cause the determinant of the coefficients A(X) to vanish.
Thus, for a fixed n, we seek the smallest value of X for which
A = 0. Then by varying n} we obtain a set of these smallest
values of X, one for each n, and the solution to the buckling
problem is given by the minimum X in this set.

Now we shall show that, although the elements Dki(k,
I = 1, . . . , 8) of A are, in general, complex quantities, the
value of A is always either real or purely imaginary. This
result will be of importance later when we use an iterative
technique to obtain the load parameter X. We firstjise the
definition of a determinant to prove that | Dki | = \Dki\ and
then use the principle of reflection7 to show that complex
conjugate roots of the quartic equation [Eqs. (6)] produce
complex conjugate columns in A. Then, for the case where
all the roots of Eqs. (6) are complex, it is easy to show that
A = A, which implies that A is real. If two of the roots are
complex, we find that A = —A, and thus A is purely
imaginary.

We note that the stability determinant A will always
vanish whenever two of the roots of the quartic equation
[Eqs. (6)] are equal. For a given cylinder, there exists a
certain value of the load parameter (X* or X0*) for which the
quartic equation possesses two equal roots. Moreover, this
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Table 1 Critical hydrostatic pressures (pcra/Eh) X 103, a/h = 100
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Numbers in parentheses indicate the number of circumferential waves.

value of the load parameter is the same for all different sets
of boundary conditions. For the case of lateral pressure
loading only, X* is the critical pressure for an infinite cylinder.
For the case of axial pressure loading only, Xa* gives the
classical critical stress (Q.6E h/a) for an infinite cylinder.

Four sets of boundary conditions consisting of combina-
tions of incremental in-plane displacement components
(u, v) and incremental stress resultants (Nxi, Txi) are con-
sidered for both simply supported (w = w,xx = 0) and clamped
(w = w,x — 0) cylinders. The eight sets of boundary condi-
tions are designated by Si, . . . , &, C\, . . . , C4, and are de-
fined below.

The boundary conditions for simply supported cylinders
are

Si:w = wtXX = Nxi = v = 0
S2:w = wiXX = Nxi = Txi = 0
83: w = w>xx = u = Txi = 0
S±:w = w,Xx — u = v = 0

The boundary conditions for clamped cylinders are
•Ciiw = w,x = Nxi = v = 0
C2:w = w,x = Nxi = Txi = 0
C3:w = w,x = u = Txi = 0

where

(7)

(8)

Eh w)]

Eh

Mxl

(9)2(i + „) — ' »•**
= (D/d) [w,xx + vw^\

MX(pi = (1 — v)(D/a)w,xv

Numerical Analysis

In this section we present numerical results for the special
case of hydrostatic pressure loading (co = 1). By consider-

ing only cylinders that have the same set of boundary condi-
tions at each end of the shell, we can equate to zero the arbi-
trary constants Bi(i = 1, . . . , 4) in Eqs. (3).

The numerical results were obtained from a digital com-
puter by use of an iterative technique. For fixed values of
the geometric parameters a, {3 and the number of circumfer-
ential waves n, we assume different values X for the load
parameter X and compute the corresponding values of A(X)
until we find two successive values Xi and X2 for which the
signs of A(Xi) and A(\2) are opposite. Thus, the solution
X is now isolated between Xi and X2. _ Next, by using the
method of regula falsi in the interval [Xi, X2], we may com-
pute the solution X to any degree of accuracy. (Four sig-
nificant figures were used here.) Thus, we obtain a solution
accurate to four significant figures. It should be noted
that, in the vicinity of the solution, the roots of the quartic
equation [Eqs. (6)] consist of two real roots with opposite
signs and two complex conjugate roots.

Numerical results for the eight sets of boundary conditions,
Eqs. (7) and (8), are given in Table 1 for different values of
L/a with a/h fixed at 100 and Poisson's ratio equal to 0.3.
The set of boundary conditions represented by Si(w = w,xx =
Nxi = v = 0) is the same as that used in von Mises' solution
for a simply supported cylinder. The results of the present
paper, for the set Si, agree with von Mises7 results to four
significant figures (the degree of accuracy used in the present
analysis). Table 1 also gives the results obtained by Nash2

and by Galletly and Bart3 for clamped cylinders. The com-
bination of boundary conditions used in Refs. 2 and 3 is here
represented by the set C±(w = wtX = u = v = 0). A com-
parison of columns 9 and 10 of Table 1 shows that the critical
pressures for the set C4 are always less than, but close to, the
critical pressures given in Ref. 3.

The two curves in Fig. 3 give the critical pressures for a
clamped cylinder and a simply supported cylinder repre-
sented by the sets of boundary conditions C*(w = w,x = u =
0 = 0) and S4(w = w>xx = u = v = 0), respectively. From
these curves, we see that clamping does not significantly in-
crease the critical hydrostatic pressures unless the cylinders
are quite short. Moreover, this same result was always ob-
tained whenever critical pressures for clamped cylinders
were compared with those for simply supported cylinders
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V

Fig. 3 Effect of rotational constraint on critical hydro-
static pressures.

that have the same prescribed in-plane displacement com-
ponents and stress resultants; hence, Fig. 3 also (qualita-
tively) depicts the effect of clamping for all such shells.

Now we compare the critical pressures of two cylinders for
which the incremental axial displacement component u(ot/2,
<p) vanishes for the first cylinder and the incremental axial
force Nxi(a/2, <p) vanishes for the second; the other bound-
ary conditions are the same for both cylinders. Typical
solutions are given in Fig. 4, in which the upper curve repre-
sents the solution for a cylinder with u(a/2, <p) = 0, and the
lower curve is for a cylinder with Nxi(a/2, <p) = 0. From
these curves, we see that the presence of axial restraint at
the boundaries significantly increases critical pressures for
intermediate-length cylinders.

From these observations, we can now explain why, even
for long thin cylinders, the critical pressures given by Nash2

and by Galletly and Bart3 are considerably higher than
those given by von Mises1: the clamped cylinder analyzed
in Refs. 2 and 3 was axially restrained at its edges, whereas
the simply supported cylinder analyzed in Ref. 1 was free to
move axially.

We conclude by noting that Forsberg8 recently has in-
vestigated the influence of boundary conditions on the free
vibrations of cylinders. The approach used in Ref. 8 is
identical to the one used here, and, as might be expected,

Fig. 4 Effect of axial constraint on critical hydrostatic
pressures.

the results of the stability and vibration studies lead to the
same conclusions regarding the influence of various boundary
conditions.
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